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Abstract In this paper, we investigate a fixed-time
concurrent learning-based actor-critic-identifier (FxT-
CL-ACI) control scheme for approximating the optimal
tracking controller and identifying uncertain system
parameters online. The proposed FxT-CL-ACI control
scheme is applied to solve the robust optimal track-
ing control problem for uncertain nonlinear systems
with disturbances and actuator saturation. The interac-
tion between the leader and follower in the Stackel-
berg game is modeled to achieve robust optimal track-
ing control with sequential optimization of H, and
H, performance indices. The effectiveness of the pro-
posed FxT-CL-ACI control scheme is demonstrated by
a numerical simulation and a hardware experiment on
a UAV system. The results show that the FxT-CL-ACI
control scheme can achieve robust optimal tracking
control with fixed-time convergence and disturbance
rejection, even in the presence of actuator saturation
and uncertain system parameters.
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1 Introduction

Optimal control design is a fundamental problem
in control theory with applications in various fields
including robotics [1], aerospace [2], and autonomous
systems [3]. In practical control systems, achieving
optimal tracking performance while handling uncer-
tainties [4], disturbances [5], and actuator constraints
[6] remains a significant challenge. The presence
of unknown dynamics and external disturbances can
severely degrade control performance or even destabi-
lize the system [7]. Although various robust and adap-
tive control methods have been developed, simultane-
ously optimizing tracking performance while ensur-
ing predictable convergence time has not been fully
addressed, particularly for nonlinear systems with both
parametric uncertainties and input saturation. Stack-
elberg game theory provides a promising framework
for solving such problems by modeling the interac-
tion between the leader and follower in a hierarchical
manner [8—10], in which the leader optimizes a perfor-
mance index while anticipating the follower’s response.
Compared with other game theory-based control meth-
ods, such as non-zero sum cooperative game [11,12]
and zero-sum game [13,14], Stackelberg games offer
a more structured approach to solving optimal control
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problems with sequential optimization of performance
indices, including non-zero sum games [15,16], and
mixed Hy/Hso norms [17].

Traditional optimal control methods often rely on
accurate system models and are sensitive to uncer-
tainties [18,19]. While adaptive and robust control
techniques can handle uncertainties and disturbances,
they typically do not guarantee optimal performance
[20,21]. Recent advances in reinforcement learning
(RL), especially actor-critic frameworks, have enabled
data-driven approaches for optimal control synthesis
[22-24]. However, most existing actor-critic methods
have two key limitations: the first is the lack of perfor-
mance guarantees of convergence time [25,26], which
may lead to unpredictable control performance in
safety-critical applications, and the second is the inabil-
ity to handle parameter uncertainties and external dis-
turbances [27,28], which can significantly degrade con-
trol performance. Recent works have shown promise
in handling input saturation and disturbances using
RL-based control methods [29,30]. However, exist-
ing methods often struggle with the dual challenges of
input saturation and parametric uncertainties, partic-
ularly when aiming for optimal performance [31,32].
Input saturation can severely degrade control perfor-
mance and even destabilize the system if not prop-
erly addressed [33,34]. At the same time, unknown or
uncertain system parameters make it difficult to syn-
thesize optimal control policies that respect input con-
straints [35,36]. It is valuable to develop new control
strategies that can jointly tackle these challenges and
provide guaranteed performance and robustness.

Despite recent advances in optimal control and RL,
while various robust and adaptive control methods
have been proposed [37-39], ensuring fixed-time con-
vergence has not been adequately addressed for the
optimal control of nonlinear systems with paramet-
ric uncertainties and input saturation [40,41]. The lack
of systematic frameworks that can jointly tackle these
challenges motivates the development of new control
strategies. Fixed-time stability theory has emerged as a
promising solution by providing convergence guaran-
tees within fixed time [42,43]. This property is particu-
larly valuable for safety-critical applications requiring
predictable performance. Papers [44,45] have shown
that fixed-time learning methods can be applied to
nonlinear systems with disturbances and uncertainties.
The finite-time adaptive dynamic programming (ADP)
method in [46,47] has demonstrated the effectiveness
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of finite-time learning for optimal control synthesis.
While fixed-time control has been successfully applied
to various control problems including stabilization and
tracking, existing methods primarily focus on linear
systems or systems with known dynamics [48,49], and
its application to optimal tracking control for uncertain
nonlinear systems remains largely unexplored. Also,
complex interactions between learning-based optimal
control and fixed-time stability have not been fully
investigated.

Key challenges in optimal tracking control include
achieving fixed-time convergence while ensuring
robust performance against uncertainties and input
constraints. Although finite-time control [46,49] has
been studied extensively, guaranteeing fixed-time con-
vergence independent of initial conditions remains
challenging [47,48], especially for nonlinear systems
with both parametric uncertainties and input saturation
[28,40]. While our approach builds upon existing meth-
ods, the key innovation lies in the systematic integra-
tion of these techniques within a unified mathemati-
cal framework that provides fixed-time stability guar-
antees for Stackelberg game equilibria. This integra-
tion is non-trivial as it resolves fundamental theoretical
conflicts between the asymptotic nature of traditional
game-theoretic solutions and the fixed-time require-
ment of real-time control applications.

The main contributions are:

1. A fixed-time concurrent learning-based robust actor-
critic-identifier (FXT-CL-ACI) control scheme is
proposed to approximate the optimal tracking con-
troller for uncertain nonlinear systems with dis-
turbances and actuator saturation, where a FxT-
CL mechanism with experience replay buffers is
developed for training the ACI. Theoretical anal-
ysis proves that ACI weight errors converge to
bounded regions in fixed time, an improvement
over standard concurrent learning approaches such
as [50,51] where asymptotic convergence is guar-
anteed, or recent works [4,23,47,52] that utilize
experience replay but lack joint system identifica-
tion with optimal control.

2. A Stackelberg game structure is developed to
achieve robust optimal tracking control through
sequential optimization with disturbance: The con-
troller act as leader pursues H; performance by
minimizing tracking error and control energy, while
the disturbance act as follower optimizes H, per-
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formance to ensure disturbance attenuation. This
structure balances trade-offs between performance
and robustness compared with [8,9,11].

3. A hardware experiment using a UAV platform pro-
vides comprehensive validation of the proposed
approach. Results validate both robust tracking per-
formance and fixed-time convergence properties in
a practical setting.

Paper organization: Sect.2 covers nonlinear system
tracking and fixed-time control. Section3 describes
robust optimal tracking control with Stackelberg game
framework. Section4 presents the FxXT-CL-ACI con-
trol scheme. Sections 5—6 provide simulation and UAV
experimental validation. Section 7 summarizes findings
and future work.

Notations: R” and R"*™ denote the n-dimensional
Euclidean space and space of n x m real matrices; || - ||
denotes Euclidean norm; diag([ay, ..., a,]) denotes a
diagonal matrix with elements a;; sat(x) denotes vec-
tor saturation; sat,,; (4;) denotes component-wise satu-
ration with bound w;; sig(-), sign(-) and tanh(-) denote
sign, signum and hyperbolic tangent functions, with
sig’ (-) = | - | sign(-); A(-) and A(-) denote maximum
and minimum eigenvalues of a matrix.

2 Preliminaries
2.1 Nonlinear system with disturbances and saturation

Consider the following continuous-time nonlinear sys-
tem with disturbances and actuator saturation:

x(t) = f(x@) + gx(@))sat(u(t)) + k(x (1)) (1)
sat(u(t)) = [saty, (u1), ..., sat,,, ()]’

Mis  Up >
saty,; (ui) = u;, luj| <pi ,i=1,...,m (1)
—Mi, U <~
where x(z) € R” is the system state vector, f : R" —
R" represents the unknown drift dynamics, g : R" —
R is the input matrix, k : R” — R is the distur-
bance matrix, u(¢) € R™ is the control input subject to
saturation with bounds u; > 0,and w () € R denotes
external disturbances. The functions f(x), g(x) and
k(x) are assumed to be locally Lipschitz continuous.
Let x4(f) € R" denote the desired trajectory, which

may be time-varying (e.g., x4 = sin(wt)) and is gov-
erned by:

Xq(t) = fa(xq(t),1) 2

where f; : R" x RT — R" defines the reference
dynamics with explicit time-dependency to accommo-
date periodic or other time-varying trajectories. Let
X(t) = x(t) — x4(¢) denote the tracking error between
the actual state and desired trajectory. The tracking
error dynamics can be derived as:

X(t) = %(1) — %4(1)
= [f(x) — fa(xa)] + g(x)sat(u) + k(x)w
=FX)+GX)sat(U) + K(X)w 3)

where F(X) = f(X + xq4) — fa(xq) represents the
transformed drift dynamics, G(X) = g(X + x4) is the
transformed input matrix, K (X) = k(X + x4) is the
transformed disturbance matrix, and U () = u(¢) is
the control input vector. The system (3) captures both
the tracking objective and the effects of disturbances
and input saturation. To ensure prescribed performance
tracking with bounded error trajectories, we introduce
the following performance transformation in the next
subsection. Let @ (U) denote the input cost function
inspired by the hyperbolic tangent function [31,32]:

OU) = fo QRS (/1) Ay 4

where u = [uy,...,um]’ represents the input vec-
tor, ¢(-) = tanh(-) is the hyperbolic tangent activa-
tion function for smooth approximation of saturation,
¢~ () is the inverse hyperbolic tangent function, p; >
0 are the component-wise saturation bounds defined
in (1), o = diag([p1, ..., 4m]) denotes the diagonal
matrix of saturation bounds, R = diag([r1, ..., 7n]) is
the positive definite input weighting matrix, and y,, is
the dummy integration variable. The input cost @ (U)
provides a smooth penalty for control inputs approach-
ing saturation limits. The following assumption char-
acterizes the system dynamics and cost functions.

Assumption 2.1 (Boundedness and Continuity [1,5])
The following conditions hold for system (1):

1. Bounded Disturbances: The disturbance matrix
K (X) is continuous and bounded by:|| K (X)| <
Ky forall X € .
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2. Continuity and Differentiability: On a compact
set X € x C R", the drift dynamics F(X)
and input matrix G(X) are continuously differen-
tiable with F(0) = 0. Furthermore, there exist
positive constants Lr, Lg, and Gy such that
[F(X1) — F(X2)| = LrllX1 — Xall, IG(X1) —
G(Xo)|l = LglX1— X2, and |G(X)|| = G for
all X, X1, X, € .

3. Bounded Input Cost: The cost matrices Q and R
are positive definite symmetric matrices satisfying
0<ipf <Q<hpt,and0 < rp? <R <
AR-Y,where A 0° A, Ag, AR are positive constants.

2.2 Fixed-time stability

To achieve fixed-time stabilization of the system states,
we introduce key definitions and lemmas from fixed-
time stability theory that form the foundation of our
approach.

Definition 1 (Fixed-time Stability [6,36]) For system
(1), if there exists a settling time 7 > 0 independent of
initial conditions, such that:

V() < BV (x(0)), 1), ?fO <t<T 5)
€, ift>T

where € > 0 is a small positive constant representing
the terminal bound, such that ||x(7T) — x*|| < § for
some small § > 0. The system is then called fixed-
time stable, with the equilibrium point x* being reached
within a fixed time 7 up to a small bounded error §.

Note that in practical implementations, exact conver-
gence to x™ at exactly time T may not be achievable
due to numerical limitations and approximation errors.
The above definition acknowledges that the system
state converges to a small neighborhood of the equilib-
rium point rather than exactly to x*. To achieve fixed-
time convergence, we propose the following fractional
power transformation:

5 x") = V(x, x*)" N Vix,x*)r? ©)

1= L—y

where V (x, x*) is the original function, y; € (0, 1)
and y» > 1 are fractional exponents selected to ensure
fixed-time stability.

@ Springer

Lemma 2.2 (Fixed-time Convergence [37,38]) Con-
sider system (1) with the transformed function (6). If
the time derivative satisfies:

=
o/

IA

_k] Zr _ szVZ (7)

where ki, ky > 0, then the system converges to equi-
librium in fixed time bounded by:

1
T < +
k(I —=y1)  k(n-—1)

The transformed value function (6) with fractional
powers enables fixed-time convergence independent of
initial conditions. This transformation will be utilized
in developing fixed-time concurrent learning algorithm
in Sect.4.

®)

3 Problem formulation: robust optimal tracking
control with input saturation

Considering the nonlinear system (1) with disturbances
and actuator saturation, the objective is to design a
robust optimal tracking controller that achieves fixed-
time convergence and disturbance rejection. The fol-
lowing problem formulation establishes the Stackel-
berg game framework for solving the robust optimal
tracking control problem. First, we define finite L, gain
stability required for robust control design.

Definition 2 (Finite L,-gain stable [22,53]) For the
nonlinear system (1), if there exists a positive constant
y such that for any bounded disturbance input w(¢), the
output y(¢) is bounded and satisfies:

f Iy Pdr < 2 / loldt ©)
0 0

where y(t) = [«/OX (1), VRU (1)]7 is the output vec-
tor, then the system is finite L,-gain stable with dis-
turbance attenuation level y. This stability criterion
corresponds to the Ho, norm of the closed-loop sys-
tem, measuring the maximum energy gain from dis-
turbances to regulated outputs. The parameter y > 0
is the prescribed disturbance attenuation level. If the
closed-loop dynamics is stable with a minimum gain
y* > 0, it remains stable with any y > y* [22,53].

For optimal control design, we define the following
H; and H, performance indices with the control input
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Table 1 Stackelberg game framework for robust optimal control

GAME LEVEL STACKELBERG GAME DESCRIPTION

Level 1: Leader Optimization

Level 2:Follower Response

Level 3:Stackelberg EquilibriumThe game reaches equilibrium when: [

The leader pursues H; optimal performance by minimizing: J*(X¢) = minyegp, J1(Xo, U, ©*)

Given leader’s strategy U™, follower optimizes Hy, performance: J;(X¢) = mingegp,, J2(Xo, U*, 0)

U* = in J;(Xo, U, o*
arg min 1(Xo, U, %)

o* = arg min J(Xo, U*, ®)
weERw

cost function @ (U) in (4):

T (X0, U, @) = /OO (XTQX 4 <1>(U)) dt 9)
t

o U.0) = [ (1ol -XT0x-0))dr
t
(10)

where O = diag([qi, ..., gn]) is the positive definite
state weighting matrix, y > 0 is the disturbance atten-
uation level, J; measures Hj performance and J> mea-
sures Ho, performance. The robust optimal tracking
control problem is formulated as follows:

Problem 1 Design a Stackelberg game-based con-
troller for system (1) that:

1. Achieves optimal control and worst-case distur-
bance rejection with fixed-time convergence via:

U*(t) = arg min J;(Xo, U, ®")
Uef2y (11)

w*(t) = arg min Jo(Xo, U*, w)
weRw

where J; and J; are defined in (9)-(10)
2. Ensures closed-loop finite L,-gain stability per (9)
with fixed-time convergence.

The Stackelberg game framework for solving this
problem is shown in Table 1, which establishes a three-
level hierarchical structure between the leader (con-
troller) and follower (disturbance).

To solve the robust optimal tracking control prob-
lem, a Stackelberg game framework is established as
shown in Table 1. First, we define the Stackelberg game
formally:

Definition 3 (Stackelberg Game [8]) Consider a two-
player game with:

— A leader L pursuing H; performance index J; in

€))

— A follower F pursuing Hy, performance index J,
in (10)
The game proceeds as follows:

1. The leader commits to a control strategy U € 2y
without knowing follower’s choice

2. The follower observes leader’s strategy U and
responds with disturbance w*(U) that solves:

Jr(Xo, U, 0" (U)) = min J»(Xo,U, w) (12)
wE.QW

3. Anticipating follower’s response w*(U), the leader
chooses optimal U* that solves:

J1(Xo, U*, *(U*)) = min J1(Xo, U, ©*(U))
Uefy

(13)
The resulting pair (U*, o*(U*)) forms the Stackelberg
equilibrium.

Remark 1 (Stackelberg vs. Nash Equilibrium) Unlike
Nash equilibrium where players decide simultaneously,
our approach uses Stackelberg equilibrium (Table 1)
with sequential decisions. The controller (leader) acts
first, anticipating the disturbance (follower) response.
This hierarchical structure provides stronger perfor-
mance guarantees than Nash solutions [41], creating
an effective framework for balancing nominal perfor-
mance and disturbance rejection [17]. Our fixed-time
learning method ensures convergence to Stackelberg
equilibrium within bounded time.

Based on the Stackelberg game definition, the fol-
lower pursues Hy, performance by optimizing the
value function J; defined by the following minimiza-
tion problem:

J5 =min J»(Xo, U, ®)
w

- min/oo <y2||a)||2 —XTox - cD(U)) dv
@ Jt

(14)
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The corresponded follower’s Hamiltonian could be
defined as:

Hp =VJ(F + GU + Ko) + y?|o|?

— XTQX — o) (15)

By taking derivative of Hf (15) with respect to w, the
follower’s optimal disturbance can be obtained as:

1 o7
W (U) = —35K VI

(16)
To solve the Stackelberg game, a costate A, is intro-
duced to capture the follower’s response to the leader’s
control strategy. Inspires by literature [9,17], the fol-
lower’s costate A, is defined as )lz = —V Hp, where
V Hy is the gradient of the follower’s Hamiltonian Hp
with respect to X. For the leader pursuing H» perfor-
mance, derived from original optimal value function
(9), the revised optimal value function J;* incorporat-
ing the follower’s costate A, is defined as:

Jf = min Ji(Xo. U, ")

- min/oo (XTQX +OU) + nTig) dr (17
v J;

Then the corresponding Hamiltonian of (17) for the
leader is derived as:

Hy = VJ;(F +GU + Kw)

+0 T+ XT0X + @) (18)

where 7 is the Lagrange multiplier associated with the
follower’s costate XA,, the Lagrange multiplier dynam-
ics is given by (1) = —VvyrHL, Vy; denotes the
gradient with respect to VJ}. Minimizing Hy, with
respect to U yields the leader’s optimal control:

-1

R
U* - G'VJIF—vIrTVG )
(@) u¢( 3 (G7TVIF = vsTVGn)

19)

where VG is the gradient of the input matrix G with
respect to X. In summary, the optimal control policies
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for the Stackelberg game are:

_ —,up( R~ (GTVJ1 v vcn))

o= - KV

2y2
Unlike approaches that handle unknown system inter-
nal dynamics without explicit identification [54], our
framework includes system identification to achieve
enhanced control performance and fixed-time guaran-
tees. This design choice enables precise coordination
in UAV tracking scenarios and provides mathematical
tractability for establishing comprehensive fixed-time
stability proofs.

(20)

Remark 2 (Symmetrical Saturation Constraints) This
paper employs symmetrical constraints that align with
our UAV platform’s actuator characteristics (|| Viyax || =
2m/s). While recent research [55] has explored
asymmetrical saturation models, symmetric constraints
enable more elegant stability proofs within our fixed-
time framework while still capturing essential con-
straint dynamics. Our continuous control approach
provides smoother trajectory tracking with reduced
mechanical jerk-a critical advantage for precision UAV
control. Future work will extend our framework to
asymmetrical constraints and potentially incorporate
event-triggered mechanisms to balance computational
efficiency with fixed-time guarantees.

Remark 3 (Stackelberg Game Structure) A Stackel-
berg game features sequential decision-making where
a leader moves first, followed by responders who max-
imize their own benefits [17,28]. In our approach, we
employ this mathematical structure as an optimization
paradigm rather than describing physical UAV inter-
actions. The controller (leader) and disturbance (fol-
lower) function as mathematical entities in a sequen-
tial optimization framework, with the controller antici-
pating the disturbance response. This formulation bal-
ances H» optimal performance (minimizing tracking
error and control energy) with Hy, robustness (distur-
bance attenuation) without requiring an actual leader-
follower hierarchy between physical agents.

Due to the complexity of nonlinear dynamics and
robust performance indices, obtaining explicit solu-
tions for the optimal control inputs is challenging.
Therefore, in the next section, we develop a RL-based
approximation method using an actor-critic-identifier

D Journal: 11071 MS: 11235 [ TYPESET []DISK [[]LE [_] CP Disp.:2025/5/2 Pages: 21 Layout: Medium

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446



447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

NN
o0
pse)

468

469

470

471

472

473

474

475

476

477

478

479

480

481

Fixed-time concurrent learning-based robust approximat...

structure to approximate the optimal value functions
and control policies while identifying uncertain system
parameters online.

4 Main results: fixed-time concurrent
learning-based actor-critic-identifier

This section presents an actor-critic-identifier architec-
ture to approximate the robust optimal tracking control
solution. First, the optimal value functions and control
inputs are reconstructed using actor-critic neural net-
works (NNs). Then, uncertain system parameters are
identified online via an identifier. Finally, with the iden-
tified parameters and reconstructed optimal solutions,
Bellman errors are established and minimized to train
the actor-critic NNs.

4.1 Value function approximation via actor-critic

The optimal value functions for both leader and fol-
lower agents are approximated using critic neural net-
works:

JI(X) = W;¢ci(X) +6:i(X), i=1,2
VIHX) = Vo (X)W +V8L(X), i =1,2

1

ey
(22)

where W, € R %! denotes the ideal critic NN
weights, ¢ (X) represents the activation functions,
and §.; (X) captures the reconstruction errors. For con-
trol policy approximation, actor neural networks are
employed:

1o
U*(X) = — p¢ (Z (R7'GT (Vo War + Vo3,

- (WaTzv%z + V5a2) VGTI))
(23)
.

K
W (X) = — 27 (V%Tz Was + Vajz) (24)

where W,; € R™aix! represents the ideal actor NN
weights, and §,; (X) denotes the reconstruction errors.
Since the ideal weights are unknown in practice, esti-
mated weights are utilized:

JiX)=Wlei(X), i=1,2 (25)

A 1 _ o
U(X) = —p¢ (ﬂ (R GV Wai

~WhVeaVGn)) (26)
KT
~ T4
o(X) = —mv%zwuz 27)

where Wc,- and Wai denote the estimated NN weights.

Remark 4 (Structure of Hamiltonian Functions)
Regarding the Hamiltonian function Hy, in (18), it’s
worth clarifying the representation of the optimal con-
trol U*(x) and its gradient. In (20), the optimal con-
trol depends on the value function gradients VJ;* and
VJ3, which are approximated by neural networks as
VI~ Vo War and VI3 ~ Vo, War. While the
gradient of U* (U) with respect to state X is naturally
captured in the actor-critic architecture through activa-
tion function gradients Vg,; (X). This is reflected in the
Bellman errors (32)-(33), where state derivatives are
handled by the neural network structure. The concur-
rent learning approach ensures accurate approximation
of both U* and its gradient through experience replay
buffers, which enhance learning by storing historical
data samples.

Remark 5 (Selection of Activation Functions) The
selection of activation functions in equations (26)-(27)
is a critical design choice affecting both approxima-
tion accuracy and computational efficiency. For gen-
eral nonlinear systems, activation functions should not
only match the complexity of the underlying optimal
control solution, but also maintain differentiability for
stable gradient-based learning and rain computational
efficiency. In this work, we selected fractional power
activation functions with [X‘f‘“, (X Xt T
because they satisfy these requirements while enhanc-
ing approximation capability for nonlinear optimal
control problems.

4.2 System identification via identifier

For systems with parametric uncertainties, the drift
dynamics are parameterized as:
F(X) = Wy ¢9(X) + 86 (X) (28)

where ¢y € R? contains the basis functions, Wy €
RP*" represents the unknown parameters, and 8o (X)
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denotes the approximation error. The estimated drift
dynamics are given by:

F(X) = Wy 05 (X) (29)
where Wy € R” represents the estimated parameters.
The identification error &g is defined as:

g0 = F(X) — Wg gg(X) (30)
where .7 (X) represents the measured true drift dynam-

ics. Utilizing fixed-time concurrent learning, parame-
ters are estimated online via:

Wy = [0 Z%(X’) sig” (e]) +sig” ()] (1)
j=1

where Wy € RP represents estimated parameters,
y1 € (0,1) and y» > 1 are fractional exponents,
Iy € RP*P is positive definite, ky denotes the learn-
ing rate, N indicates the experience replay buffer size,
and sig(x) is the sign function. Based on the identified
dynamics, the Bellman errors are formulated as:

g1 =(VIHT W, 9o + GU + Kd)

+XT0X+oW)+1n"iy (32)
= (V) (W s + GU + Ko)
+7He1? - XToX — &) (33)

where £ and &, represent the Bellman errors for leader
and follower agents respectively.

Remark 6 (Fractional Power Signum Function) To
address potential confusion, we clarify that sig” (x)
represents the fractional power signum function as:
sig/ (x) = |x|” sign(x), where sign(x) is the stan-
dard signum function. This notation follows estab-
lished literature in fixed-time stability theory [44,56].
For y > 1, this function is continuous and differ-
entiable everywhere, resulting in standard ODEs. For
0 < y < 1, while not differentiable at the origin, the
function remains continuous, and the resulting differ-
ential equations have been rigorously shown to possess
well-defined solutions in the Filippov sense [57]. The
combination of terms with y; € (0,1) and y» > 1
in our update laws enables the fixed-time convergence
properties proven in subsection 4.4.

4.3 Fixed-time concurrent learning

In this subsection, we present the online weight update
mechanism for the actor-critic neural networks based

@ Springer

on minimizing Bellman errors. The learning process
utilizes experience replay buffers to enhance conver-
gence and stability.

Both leader and follower agents maintain historical
experience replay buffers:

D) = (U @), &1(1). (U (1), 2 (r)}, 1}
Do(1) = (@(1), &2(1), (&7 (1), 83 (D))

where (U (1), & (1)} and {& (1), §2 (1)} represent his-
torical data samples for leader and follower agents
respectively. Additionally, the identifier maintains its
own experience replay buffer:

Do(t) = {F (). e9(1). {F7 (1), &) (O})_)

where {(pé (1), sé (1)} represent historical data samples.
The actor-critic weights are updated by minimizing
the following fractional fixed-time Bellman errors:

Al et
E; = |8 1" 4 1&017 "

N
Ak 1 1aky 2+l
+ 3 (et + k),
k=1

i=1,2 (34)

The critic NN weights are updated using concurrent
learning-based gradient descent:

A

Wei = — Teikei 1 pilsigh (8:) + sig” (€))]

N
Fcikci,Z k
TR

[sig” (€5) + sig” (8], i = 1,2 (35)
where k.; j; > 0 (@ = 1,2; j = 1,2) are learning
rates, p; = o/ ((TiTUi + 1)2 is the normalized regres-
sion vector, pf = o} /(oF ok + 1)2 is the historical
normalized regression vector, o; = V(p;E (X )(WQT ©p +
GU + K®) is the current regression vector, and o'l.k =
Vo (X)W, 99 + GU* + KaF) is the historical
regression vector. A

A Define the actor-critic NNs error as g, = W, —
W.i. The actor NN weights are updated using gradient
descent:

Wai = _Fai [kai,l Sigyl (8ai)

hai sig"” (eai)] i = 1,2 (36)
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Control Structure

Fixed-time Concurrent Learning & Identifier

Identifier Fixed-Time
(30) HJI (33)-(34)

( \
Experience 1 |ExT Bellman error |,
=< h

| |replay bufferS=2| " '|FxT Bellman error &,|\

N

+ \

Fixed-Time
Optimal Control

|

|

|

|

|

3 |

]

i Nonlinear | > |
3 System (1)

H, index :

> |

N |

|

|

|

1
1
1
I @7
1

Critic NN 258%1 . | Actor NN
: (28)

Fig. 1 Control structure of the FXT-CL-ACI control scheme

where ky; j > 0 (i =1,2; j =1, 2) are learning rates
and I,;; € R™ " are positive definite matrices.

The control structure of the proposed FxT-CL-
ACI scheme is illustrated in Fig. 1. The scheme
integrates: Actor-Critic-Identifier NNs approximating
optimal value functions, control policies and uncertain
system via equations (26), (27) and (29) with fixed-time
guarantees; Experience Replay Buffers storing histori-
cal data samples to enhance learning stability; and FxT
update mechanisms ensuring rapid convergence using
fractional-power exponents y; € (0,1) and y» > 1
as in (35) and (36). The architecture features bidirec-
tional information flow where the leader optimizes H»
performance while anticipating the follower’s response
optimizing H, performance, creating a hierarchical
optimization structure that balances tracking accuracy
against disturbance rejection via Stackelberg equilib-
rium in (20). The detailed implementation is presented
in Algorithm 1. To highlight these distinctions clearly,
we compare our FxT-CL-ACI with existing methods in
Table 2.

Remark 7 (Comparison with Other RL Methods)
Unlike NN-based constrained RL in [27,34] that
handles constraints but lacks fixed-time guarantees,
our approach ensures predictable convergence times-
critical for UAV applications. The integral-based actor-
critic [33] addresses specific dynamics but is lim-
ited to single-agent optimization without our multi-
objective framework. RISE-based RL [29] compen-
sates for time-delays but requires symmetric uncer-
tainty bounds and lacks game-theoretic optimization.
Our FxT-CL-ACI uniquely combines fixed-time con-

Algorithm 1 Fixed-time Concurrent Learning-based
Actor-Critic-Identifier Control
1: Initialize:
2:  AClI neural networks:
3 - Critic/Actor weights W, W, (i = 1,2)
4 - Identifier parameters Wy
5. Learning parameters:
6: - Learning rates k¢; j, kai, j = 1,2, j = 1,2)

7: - Gain matrices Iy, I,;, I.;(i =1,2)
8: - Fractional exponents y1, y»
9: - Buffer sizes N

10:  Simulation time 7,4

11: Online Learning:

12: while t < T,,; do

13: // State Measurement & Reference

14: Obtain current state X and reference Xy
15: // Policy ApproximAation

16: Compute control input U (X) via (26)
17: Compute disturbance @(X) via (27)

18: // System IdentiAfication

19: Estimate dynamics F(X) via (29)

20: Compute ID error g4 via (30)

21: // Learning Error Computation
22: Calculate Bellman errors:

23: - Leader: & via (32)

24: - Follower: &, via (33)

25: // Experience Replay Update
26: Update buffers:

27: D) < (0,81, {07, &} ))
28: Do) — (@, 82,407 )Y}
29: Do(t) < {F.eq. (F1,e]}_)

30: // Neural Network Updates
31 Update weights:

32: - Critics: W,; via (35)

33: - Actors: Wai via (36)

34: - Identifier: Wy via (31)

35: // Control Execution

36: Apply control input U(X) to system

37: end while

vergence with H;/Hs, optimization and concurrent
learning, providing superior guarantees for both nom-
inal operation and under uncertainties.

Remark 8 (Handling Sequential Policy Updates)
Sequential policy updates in Stackelberg games may
cause oscillations, slow convergence, and jerky control
signals due to players reacting to outdated information.
Our FxT-CL-ACI framework addresses these chal-
lenges through: (1) Fractional power signum functions
for smooth convergence behavior; (2) Two-timescale
learning with faster controller updates than disturbance
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Table 2 Comparison of FxT-CL-ACI with existing methods

Method FxT Concurrent Hoo Uncertainty Input
Converge Learning Optimizat Handling Constraints

Hs-ADP [22,23,50] X v v X v

CL-SysID [4,36] v v X v X

Classical CL [51] X v X X X

Regular ADP [24,52] X X X X v

Our FxT-CL-ACI v v v v v

model updates; (3) Concurrent learning with prioritized
experience replay to reduce outdated sample influence;
and (4) Constrained neural network weights to prevent
control signal jumps. These mechanisms ensure sta-
ble performance despite the sequential nature of game-
theoretic optimization.

Remark 9 (Identification vs. Integral RL) While inte-
gral reinforcement learning (IRL) could eliminate
explicit F(x) identification as in [22,50], our identifier-
based approach offers key advantages for UAV appli-
cations. First, it provides fixed-time rather than asymp-
totic convergence guarantees. Second, it delivers supe-
rior robustness against matched and unmatched uncer-
tainties. Third, it offers better computational efficiency
by avoiding complex activation function integrals. To
our knowledge, fixed-time IRL remains unexplored
in literature. Our future work aims to develop such
a framework [22,23], combining IRL’s model-free
advantages with fixed-time convergence guarantees.

4.4 Stability analysis

In this subsection, we prove that under the proposed
robust optimal tracking control scheme, the closed-loop
system states and actor-critic NN estimation errors are
ultimately uniformly bounded (UUB). We first intro-
duce three key assumptions required for the stability
analysis.

Definition 4 (Ultimate Uniform Boundedness [14,58])
A solution x(¢) of a system is said to be ultimately uni-
formly bounded (UUB) if there exist positive constants
b and c, independent of initial time #o > 0, and for any
a € (0, ¢), there exists a positive constant 7 = T (a, b),
such that [|x(f9)] < a implies ||x(#)|| < b for all
r>10+T.

@ Springer

Assumption 4.1 (Neural Network Boundedness [31,
32]) The neural network parameters satisfy the fol-
lowing uniform boundedness conditions (i = 1, 2):

1. The critic networks satisfy:

IWeill < Waieis l@ei XD < @reis
IVoei X < op. Heis 186 (XD < SHcis
IV8ei (X)| < 8p, Hei

2. The actor networks satisfy:

IWaill < Whai 19ai I < @rais
IVeui (X < oD, Hais 18ai (X < SHais
1Véai (XN < ép, Hai

3. The identifier networks satisfy:

IWall < Wg, lge(X)|l < gra,
Voo Xl < @p.16 186X < 8116,
IV (X))l < 6D, Ho

where Wys, Ons, 9D, Hx> SHx> SD H» OHx, OD H+ aT€
positive constants, and the upper bound of approxi-
mation errors 8[)’]-] = maX{SD,HC] s 5D,Hc2a (SD,Hal R
8D.Ha2+ 0D, Ho}-

Assumption 4.2 (Persistent Excitation [52,59]) For
each agenti = 1, 2, the online and historical data must
satisfy the following excitation conditions to ensure
sufficient learning: (1) Online Data Excitation:

(+T
Ay Imi < / oi(moi(v)Tdt, Vi > 19,i = 1,2
1

(37)
(2) Historical Data Excitation:
A2 Im.i
LS g kT :
gglfoﬁgpi 0ok, Ve =19,i =1,2 (38)
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(3) Combined Data Excitation:

A3,ifm,z
N 4Tk kT
<3 PEOO T s i=1.2
2 ), N , Vt > 1o, ,

(39)

where .7, ; is the identity matrix of dimension m, and
at least one excitation measure A;; (j = 1,2, 3) must
be strictly positive to guarantee sufficient exploration
for learning convergence.

Based on the controller (26) and disturbance (27)
designs, we have:

1U*(X) = UX)I? < Z1W,, War + 1Ty
l*(X) — &X)|1> < ZoW,,War + IT

(40)
(41)
where X; depends on upper bouds ¢ i, ¥p. Hi, OHi,
op.Hi,and I1; depends on upper boud 8p_g;.

Remark 10 (Derivation of Control Policy Error Bounds)
The upper bounds in equations (40)-(41) representing
the squared error between optimal policies (U*(X),
w*(X)) and their estimates (lA](X), @ (X)) are derived
as follows:

A | - ~
IU*CO=0X)I? = 1= R ' GT (Wrgar+8an)11®
1 _ ~
< ZIRCGTIP - lga I IWar |2
I
+ ZIRTIGTI - 8ar
1 -
< ZIRCGTIP gy W |2
|
+ ZIRT'G I 03
= W, | Wa1 + Ty
where X = 4—1‘||R1_1GT||2 . go%ﬂ depends on the
upper bounds of the activation functions ¢g 1, and
I = A—It||R1_1GT||2-52D1H1 depends on the upper bound
of the approximation error 6 p, 5. Similarly, for the dis-
turbance policy:
lo* (X) = @(X)|* < Z2aWhWar + I
where X and I, are analogously defined based on the

bounds ¢y 2 and §p 2. These analytical bounds estab-
lish the relationship between neural network weight

estimation errors and policy approximation errors,
which is crucial for the stability analysis in Sect. 4.4.

The main stability result is given in the following the-
orem:

Remark 11 (Practical Verification of Assumptions)
While Assumptions 4.1 and 4.2 provide theoretical
guarantees for our approach, their practical verification
is equally important: For Assumption 4.1, we employ
neural networks with proper design, which is referred
to literature [47,60], to ensure approximation capabili-
ties within the compact set of interest. The approxima-
tion errors in our simulation and experimental results
remain within the theoretically predicted bounds, vali-
dating this assumption. For Assumption 4.2, the Persis-
tent Excitation (PE) condition is essential for concur-
rent learning stability. To ensure this condition is met,
our implementation includes a large-size history stack,
in which data samples N is selected as 30 lature [24,51]
inspired by in both simulation and experimental setups.
This ensures that the rank condition is satisfied through-
out operation, as evidenced by the consistent conver-
gence behavior observed in our experiments.

Theorem 4.3 (Traditional Actor-Critic (y1 =0, y» =
1) [61]) Consider the closed-loop system (1) under the
proposed FxT-CL-ACI control scheme in Algorithm 1.
Let Assumptions 2.1-4.2 hold, y1 = 0 and y» = 1,
and the system parameters are known. Then the FxT-
CL-ACI reduces to the traditional Actor-Critic (AC)
control scheme.

If the AC neural networks are updated according to
(35) and (36), with control and disturbance policies
estimated by (26) and (27), then the closed-loop sys-
tem state X and all weight estimation errors remain
ultimately uniformly bounded (UUB) if:

Iz > L=
Ay

where:

-z = X", W, WL W, WLIT is the aug-
mented error state vector containing tracking errors
and weight estimation errors

— Yres IS the residual approximation error bound
arising from neural network reconstruction errors

defined as:

(42)

1 1 - - 2
Yres = Ekcl,l (ZWJIGUW‘“ +€H1 +Al> +Vznu2
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1 1. ~ 2
+ 2kc21 (ZWC,TanWaz - 1 Go War + Az)
1 1. . N -
+5kcl2 4W GakWal+Al +)\R,1Hu1
1

1 1 2
+7kL‘22 <4Wa2KJkWa2_ 4W GakWal + A )

— Ayp is the minimum eigenvalue of matrix
defined as:

with elements h to hg defined as: hy = Ay —Ago,
hy = Skei,10107 +%ke1 2 A2 1 I 1, hz = (ker 1+
ko, 1)o10y , hy = Sker 1000, + %kgz,zllz,zfm,z,
hs = —T'q1Im,1, he = Ta1Im1 — AR 1 Zu, I 1,
h7 = — a2jm,2, hg = FaZJm,Z + ]/zzuzfm,z-

Proof Consider the following Lyapunov function can-
didate for the time-varying closed-loop system:

2

VX, )= (J;*(X, n+ %Wi(t)%(t)
i=1

+ ; WL ()W <t)>

where J*(X, t) is the optimal value function for agent
i at time ¢. This Lyapunov function is positive definite
and radially unbounded, satisfying #'(0,¢) = 0 and
Y (X,t) > 0forall X # 0and ¢ > 0. Its time-varying
nature accounts for neural network weight adaptation,
changing references, and external disturbances in the
closed-loop system. The approximated Bellman errors
for both leader and follower agents can be expressed
as:

. A .
& = _U]TWcl + ZWaIGJWal + A1 +&01

~ 1 - -
€2=*02T Weo + — ( 2KoWa2*Wa1GaWa1)
+A2+8m

) 1 .
s’l‘ =" Wy + Zwalc’f, W, + Ak

1 -
=~ Wer + 7 (War kb Waz = War G5 War ) + 24

where G, = Vo ,GR;'G Vg, K
KRy'KTVg], Gk = G, (X¥), KX

1 T
mvwaZ
= Kg (X*), and
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A, Ai.‘ represent uniformly bounded approximation
errors. Taking the time derivative of 7 along system
trajectories:

2 . .
V=3 [VIF(F+GU + Koy + WIW] + W]
i=1

Substituting the weight update laws from (35) and (36):
2
V=3[V (F+GU + Ko)
i=1

< ! kein .
W ki1 pilE 4 81— W =2 E pi 18}
~k sTA . . . .
+¢&; 11— Wai Iy, [kat,lsat + kat,28az]:|

Substituting the Hamiltonian functions and Bellman
errors yields:

Y <—X"(01— 02X —®U)—y*wl* —n"is

- —O; - 1 -~ -
- Zkauw; p—’_ (—o,-TWc,» 5 Wi Zi Wai + A,->
i 1
_kalW Faz( at_Wci)

2
. Z kei A 0;
N Ccl
i—1 k=1 Py

=
T

2~ W + 4F) @3)

Leveraging the PE conditions from Assumption 4.2,
these PE conditions ensure sufficient richness in both
current and historical data samples, guaranteeing that:

WE ke ml-oT Wei > kei1 A1 | Wei (44)

kein
WT el Z’O’ (O'k) Wcz = kCl 2A2 i ||Wcz ” (45)

k=1

Then using (40), (41) and Young’s inequality, we
obtain:
V(Z) = ZT HZ + res

< A ZIP + Yres

When || Z|| > V‘“

the trajectory to enter and remain within the bounded
region, satisfying the UUB definition. Therefore, when

,we have V(Z) < 0, which forces
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condition (42) is satisfied, the closed-loop system state
X and actor-critic estimation errors are ultimately uni-
formly bounded. O

Theorem 4.3 establishes the UUB property of the
closed-loop system states and actor-critic NN esti-
mation errors under the traditional AC scheme. The
proof demonstrates that the proposed FxT-CL-ACI
control scheme guarantees robust optimal tracking per-
formance for the leader-follower agents in the Stack-
elberg game framework. Next, we extend the analysis
to the fixed-time convergence case, where the learning
errors of the ACI NNs converge to a bounded region in
fixed time.

Theorem 4.4 (FXT-CL-ACI (0 < y1 < 1, y» > 1))

Consider the concurrent learning update law (31),
(35) and (36) under the proposed FxT-CL-ACI control
scheme in Algorithm 1. Let Assumptions 2.1-4.2 hold,
and suppose the following condition is satisfied:

2)_»1“ o]
—_— < —_—
Qap)rtt - B

where I' = diag([T;1, T2, Ta1, Ty, Tp)) is the gain
matrix. Then the estimation errors of the actor-critic-
identifier NNweights W=[W |, W5, W Wi, w,S1T

cl’ al’
converge to a bounded region in fixed time:

- A — _
||W(t)||s,/k—Fmin{ 2, E) Vi=T
Lr

where the convergence time T is bounded by Tax:

(46)

(47)

o 2
T an -1
21— Cap minte, V2D
ax(l = 8)(1 = y1)Q2ap) 1 +D/2
with & defined as:
B S /7
§=max | — 75—, <ﬁ> (49)
mln{ilp(t)y M} 28
and the coefficients defined as:
o= a1 Qrp) T2 g /2) (50)

] = 21*)’2’1(1*)/2)/2([(1A(I)’/I'Z‘Fl)/z + KZAE)’/’Z+1)/2)
(5D

1)/2 1)/2 1)/2

= KAV oAl R 4
(52)
B=(Ki+ Ky + K3)[n® /357 67 1 (53)

with additional terms defined as ¢ = [<p:1, go;g, <,0;1 , §0aT2,
0a 11,8 =180.85.80,.80,.8]1T, W (1) = 0()p (1)

cl’
corresponds to instantaneous data excitation with

lower bound Ay, ® = % Z,Icvzl (,L’(rk)(p—r (tx) repre-

sents historical data excitation with lower bound Ay ;.

Proof Consider the Lyapunov function candidate:
[ —1

V(t) = EW (YA 403) (54)

Taking the time derivative of ¥(¢), the following
expression is obtained:

. - - Y1
V(1) = r{—K, WUz)w(z)(LwT(r)W(z) - 6%)]
. 72
ﬂwT(r)W(r)—aT(z)w )
N
Ky - - Y1
- 2wy go(rk){wT(rk)W(t) - aT(rkﬂ
W k=1

- Y2
+ \“PT(Tk)W(T) - sTmﬂ )} (55)

where K| = diag([kci 1, kai,1, kol), Ko = diag([kei 2,
kai2, ko]). For the case where |(¢TW)i| > 16i], we
have sign(wTW—(ST) = sign(<pTW). ForO0 <y <1,
using the inequality |y; + y2 | < |y( "' + |y2|"!, we
obtain:

(T (W (1)) |
< e T OW@))i — 8O +18: (1)

Also, for y» > 1, using |y + ya2|?2 < 27271 (|y( |2 +
[y2]¥?), we have:

— e (OW () — 8(0)]"
< 21T OW D)7 + 18(1) |7

Using the PE conditions from Assumption 4.2, the time
derivative of #/(¢) can be further bounded as:

V(1) < —aa|WOI" =y [WO2 B W ()|
(56)
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where the coefficients now explicitly incorporate the
PE measures:

a = 212K APV ) 402012
(57)

ay = KIA?’;'F])/Z —{—KZA;V;J’_I)/Z + K3Agy,!+1)/2
(58)

B=(Ki+ Ky + K3)[n> /7 46771 (59)

Note that ¥ (t) = <p(t)(pT(t) corresponds to instan-
taneous excitation with lower bound A;;, ® =
% Z,i\’:l oo () represents historical data exci-
tation with lower bound A5 ;, and the integrated exci-
tation over time interval [, 47 ] has lower bound A3 ;.
Then, for ¥'(t) > 1, we have the following inequality
holding:

V(1) < —ay TV (60)

where @ = a;(2Ap)72+D/2 — B2 is positive

when:

o] 2)11“
P S —
B Q2rp)rt!

Then, the Lyapunov function ¥'(¢) converges to a
bounded region in fixed time T < Tpax, Where the
states are fixed-time attractive with bound:

(61)

IW @)l < y/Ar/kpmin{y/24r, &} (62)

where:

£ Sp.H @ 1y

§=max | ——5——. (——)!/" (63)
min{ilp )’ A} a8

This completes the proof showing fixed-time con-
vergence of proposed FxT-CL-ACI control scheme’s
learning process. O

S Simulations verification
In this section, we validate the effectiveness of the pro-

posed FxT-CL-ACI control scheme through compre-
hensive numerical simulations.

@ Springer

5.1 Simulation setup

Consider an uncertain nonlinear system with drift
dynamics (1) in the form:

[ Wa (1)
x1x2 0 0 Wy (2)
f= [0 0 x xz(cos(2x1)+2)i| N w3y | O
| Wo(4)
B |:sin(2x1 T1)42 0 7. _ H
&= 0 cos2x)) +2|" " |1
(65)

where the actual value of the unknown drift param-
eters are set as Wy = [—1,1,-0.5, —O.S]T, the
basis function of the identifier is defined as ¢y =
[ X1, X7, X1, x2(cos(2x1) + 2)]T. The approximate
optimal control input is computed from (26), and the
approximate worst disturbance is derived from (27).
The actor-critic neural networks are updated according
to (35) and (36). The detailed NN setup is as follows:

— Basis functions ¢;; (i = c,a, j =1, 2) are defined
as:

1
e RIMC LD CNE 5o S

.
X1 xH L, (xixde |

where X; denotes the i-th state variable of the sys-
tem, o € (0, 1] is the fractional power. We choose
o = 1 in the simulation.

— Initial AC NN weights: W,;;(0) = Wq;;(0) =
1i=12,j=1,---,6).

The complete set of control parameters is provided
in Table 3. The simulation is conducted in MATLAB
R2023b on a computer with Intel i3-12100 CPU and
24GB RAM. The simulation time is set to 7 = 20 sec-
onds, and the ODE solver is set to the 4th-order Runge—
Kutta method with a fixed time step of 0.001 seconds,
while the random seed is set to 1 for reproducibility.

5.2 Simulation results

The simulation results demonstrating the effectiveness
of the proposed FxT-CL-ACI scheme are shown in
Fig. 2. The evolution of actor-critic NN weights is pre-
sented in Figs. 2a -2b, which show convergence of the
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Table 3 Parameters of simulation cases

Component Parameter Value

Leader Cost Matrix Ry =%, 01=29%
Critic Params kic1 =05, k1,2 =0.1
Actor Params kiai=1 Tj=Y

Follower Cost Matrix Ry=%, 0)=2%
Critic Params kac1 =0.5,ky 2 =0.1
Actor Params kpai=1, T'j =Y

Common Fixed-time y1 =08, =12
Other y=2, n=05

5 10 15 20
5 10 15 20
o4 v
g
22
- - 5 Y
0 5 10 15 20 0 5 10 15 20 0 5 10 18 20
Time [s] Time [s] Time [s]
(a) Revolution weights of the leader NNs. (b) Revolution weights of the follower NNs. (c) Control input and disturbance.
4 06 3
— 14 - -~ T1 w102 — %"y Enl —€1
h o . = 001 -,
52N = ., £? "
% % ™, ED D\—/— ",
@ 0 S L N £ 001 N
B 195, 20 =] g 85 19........195 20 .,
» -2 o
0 5 10 15 20 15 20 0 5 10 15 20
4 1000 3
— g -2 H, Bellman error - = = H., Bellman error -
h s . 5 2
s 5 . g
& 0 < 10 E
@ g 0
85 ST —TY E -, =
- 0 = -1
10 15 20 0 5 10 15 20 0 5 10 15 20
Time [s] Time [s]

Time [s]

(e) Value of function y and the Bellman error.

(f) Tracking errors of the system.

(d) The tracking performance of the system.

Fig. 2 Results of the FXT-CL-ACI scheme in tracking control simulation

learning process. Figure 2c displays the control inputs
and disturbances acting on the system. The tracking
performance is illustrated in Fig. 2a, which shows that
the system states successfully track their desired trajec-
tories. he Bellman errors and costate function evolution
are shown in Fig. 2b, validating the optimality of the
learned control policy. Figure 2c presents the tracking
errors, demonstrating that they remain bounded and

converge to a small neighborhood of zero under the
proposed control scheme.

6 Hardware experiments
In this section, a UAV-based physical experiments are

conducted to further verify the effectiveness of the pro-
posed FxT-CL-ACI control scheme.
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wly X |

G. Motion capture cameras for sensing

3. Display for monitoring UAV state
| 4. 5GHz WI-FI for UAV communication
— e e e e —
| 5. Workstation computer running ]
MATLAB R17b and Simulink

Lﬁ. Graphics station running Active center 1

Fig. 3 Hardware equipment used in the UAV tracking control experiment

eras
captur® Mt /
 motion AP er I/

e

AL

S
h’”"%\‘)j
g
‘0

<— Motion capture <€— Control input <€— Robots position

Roygep

Fig. 4 Information flow in the UAV tracking system

6.1 Experimental setup

The experiment is conducted on an X150 quadrotor
UAV platform to validate the trajectory tracking capa-
bilities of the proposed control scheme. The integrated
hardware system consists of the following components:

I. UAV Platform: The quadrotor UAV is equipped
with an RK3566 quad-core processor and 4GB RAM
for real-time computation. Four high-performance brush-
less DC motors with precision ESCs provide reliable
actuation. A 9-axis IMU enables high-accuracy attitude
estimation. A 5GHz dual-band WiFi module ensures
reliable communication with the ground station. The
dynamic model of the UAV could be formulated as
Xx=Vy=uy,y=Vy=uy, and u = [uy, uy]T is the
control input vector in 2-dimensional space. The distur-
bance acting on the UAV is from the external wind and
sensor noise. The UAV and ground workstation com-
municate state information through a SGHz wireless
network with a standard UDP protocol as illustrated in
Fig. 4

II. Testing Environment: The experimental setup
utilizes a professional OptiTrack motion capture sys-
tem with 8 high-speed cameras providing sub-millimeter
precision 6-DOF pose tracking at 120Hz. A dedicated

@ Springer

ground control station (Intel i7-12700, 32GB RAM)
runs the optimized motion capture software for real-
time trajectory recording and controller implementa-
tion.

III. Control Implementation: The control system
operates at 30Hz with deterministic timing (At =
1/30s). Velocity commands are transmitted via robust
WiFi communication. High-rate state feedback is pro-
vided by the motion capture system at 120Hz. Online
learning is efficiently executed on the ground station
computer.

To enhance computational efficiency and learning
convergence, we adopt an fractional-order finite-time
neural network architecture for the actor-critic net-
works as:

(p,. — 1 XO(+1 1 XO(+1 1 (X1X2)01+1 T
Y a+1"" Ta+172 Ta+1

which is proposed in [47,60]. All the initial network

weights are configured as W;; = 10, and the other

parameters are the same as in the simulation setup in
Table 3. Figure 3 shows the complete hardware setup
used in the experiments. This integrated system enables
comprehensive validation of the proposed FxT-CL-ACI
scheme under real-world conditions. To evaluate con-
troller performance under realistic disturbances includ-
ing wind effects, aerodynamic forces, and sensor noise,
we design a circular reference trajectory with:

Radius:
Period: T = 10w ~ 31.4 seconds

r = 1.5 meters
(66)

This trajectory allows thorough assessment of the track-
ing capabilities and disturbance rejection properties of
the proposed control scheme. The experimental results
are shown in Fig. 5-7. Figure 5 shows the sketch of the
UAV tracking the reference trajectory with high pre-
cision. The 3D trajectory tracking performance illus-
trated in Fig. 6 demonstrates accurate reference fol-
lowing capability.
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i ) Xaxsm)
(c) =150s, east location (c) 1=200s, southwest location

Fig. 5 Sketch of the UAV tracking the reference trajectory in
the experiment (with sketch UAV representing position)

Reference trajactory
= = = = Quadrotor trajactory [

@  Take-off point @ 280s ® 628s
Land point O 4445 O 757s

X-axis (m)

Y-axis (m)

Fig. 6 Trajectory of the UAV in 3-dimensional space

6.2 Performance analysis

Basic Tracking Performance: As shown in Fig. 7a,
the UAV achieves precise 2D trajectory tracking with
an small error of 0.5 m. The tracking errors ex and ey
inFig. 7b remain bounded within £0.6 m despite exter-
nal disturbances. The evolution of critic NN weights in
Fig. 7c shows rapid convergence within 1005, validat-
ing the fixed-time learning property.

Control System Analysis: Fig. 7a shows that the
control inputs remain within saturation bounds while
achieving desired tracking performance. The UAV’s
Euler angles depicted in Fig. 7b exhibit smooth transi-

tions during trajectory following. The 3D error distribu-
tion visualization in Fig. 7c reveals that most tracking
errors are concentrated within a small region around
the reference trajectory.

Advanced Performance Metrics: Fig. 7a analyzes
the correlation between tracking velocity and position
error, showing that higher velocities generally corre-
spond to larger tracking errors. The statistical distri-
bution of error peaks in Fig. 7b follows a correlation
coefficient of R = —0.024, with mean velocity v =
0.31 m/s and error standard deviation o = 0.5681 m.
The energy consumption analysis in Fig. 7c demon-
strates efficient performance with maximum kinetic
energy of 0.5 J and power consumption of 0.34 W.

The experimental results of the UAV tracking sys-
tem validate the robustness and energy efficiency of
the proposed FxT-CL-ACI control scheme under real-
world disturbances:

1. The proposed FxT-CL-ACI scheme achieves robust
trajectory tracking with bounded errors under real-
world disturbances

2. Fixed-time learning enables rapid convergence of
neural network weights within 100s

3. The control strategy effectively balances tracking
accuracy and energy efficiency

4. The Stackelberg game framework successfully
handles the trade-off between optimal tracking and
disturbance rejection

These comprehensive experimental results demon-
strate the practical effectiveness of the proposed control
scheme for real-world UAV applications requiring both
robust performance and energy efficiency.

7 Conclusion

This paper presents a novel fixed-time concurrent

learning-based actor-critic-identifier (FxXT-CL-ACI) con-

trol scheme for robust optimal tracking control of non-
linear systems with uncertainties and disturbances. A
Stackelberg game framework is established to design
the robust optimal tracking controller by sequential
optimization of H, and Hy performance indices,
addressing both tracking performance and disturbance
rejection. An ACI architecture with FxT-CL is devel-
oped to approximate the optimal control solution while
identifying uncertain system parameters online. The
FxT convergence property ensures rapid learning. Lya-
punov stability analysis proves that under the proposed
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Fig. 7 Comprehensive performance analysis of the UAV tracking system

scheme, both closed-loop system states and ACI esti-

mation errors are ultimately uniformly bounded with

FxT convergence. Comprehensive validation through 3.
numerical simulations and UAV hardware experiments
demonstrates the tracking capabilities and disturbance
rejection properties of the proposed control scheme.

Four key limitations of the current approach encom- 4.
pass:

1. Computational Complexity: The FxT-CL-ACI
scheme requires significant computational resources

Time (s)

dynamics and neural network structures, requiring
domain expertise for effective implementation.
Initialization Sensitivity: While the method guar-
antees fixed-time convergence, the performance
can still be influenced by initial weight selection
and learning parameter tuning.

Disturbance Model Limitations: Performance
depends on the accuracy of disturbance modeling
within the Stackelberg game framework and may
degrade under unmodeled disturbance patterns.

for real-time implementation, which may limit its Future research directions include extending the pro-
applicability on resource-constrained platforms. posed framework to stochastic systems and multi-agent
2. Parameterization Requirements: The approach coordination problems, and exploring the development
relies on appropriate parameterization of system of a fixed-time integral reinforcement learning (FxT-
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IRL) framework that combines model-free advantages
with guaranteed fixed-time convergence properties.
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